An in-depth investigation of the braking of tearing mode rotation in tokamak plasmas via eddy currents induced in external ferromagnetic conducting structures is performed. In general, there is a "forbidden band" of tearing mode rotation frequencies that separates a branch of high-frequency solutions from a branch of low-frequency solutions. When a high-frequency solution crosses the upper boundary of the forbidden band there is a bifurcation to a low-frequency solution, and vice versa. The bifurcation thresholds predicted by simple torque-balance theory (which takes into account the electromagnetic braking torque acting on the plasma, as well as the plasma viscous restoring torque, but neglects plasma inertia) are found to be essentially the same as those predicted by more complicated time-dependent mode braking theory (which takes inertia into account). Significant ferromagnetism causes otherwise electromagnetically thin conducting structures to become electromagnetically thick, and also markedly decreases the critical tearing mode amplitude above which the mode "locks" to the conducting structures (i.e., the high-frequency to low-frequency bifurcation is triggered). On the other hand, if the ferromagnetism becomes too large then the forbidden band of mode rotation frequencies is suppressed, and the mode frequency consequently varies smoothly and reversibly with the mode amplitude.
I. INTRODUCTION
A tokamak is a device whose purpose is to confine a high-temperature plasma on a set of nested toroidal magnetic flux-surfaces. 1 Charged particles are free to circulate rapidly around the flux-surfaces, but can only diffuse slowly across them, as a consequence of their relatively small gyroradii.
Tokamak plasmas are subject to a number of macroscopic instabilities that limit their effectiveness. Such instabilities can be divided into two broad classes. So-called ideal instabilities are non-reconnecting modes that disrupt the plasma in a matter of microseconds.
2 However, such instabilities can usually be avoided by limiting the plasma pressure, and/or by tailoring the toroidal current profile. 3 Tearing modes, on the other hand, are relatively slowly growing instabilities that are more difficult to prevent. 3, 4 These instabilities tend to saturate at relatively low levels, [5] [6] [7] [8] in the process reconnecting magnetic flux-surfaces to form helical structures known as magnetic islands. Magnetic islands are radially localized structures centered on so-called rational flux-surfaces that satisfy k · B = 0, where k is the wave vector of the instability, and B the equilibrium magnetic field. Magnetic islands degrade plasma confinement because they enable heat and particles to flow very rapidly along fieldlines from their inner to their outer radii, implying an almost complete loss of confinement in the region lying between these radii.
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Toroidal plasma rotation plays an important, and in some cases a critical, role in tokamaks. One reason for this is that, with sufficiently fast rotation, magnetic islands co-rotate with the plasma at their associated rational surfaces. 10 However, if the plasma rotation becomes too small then such islands can lock (i.e., become stationary in the laboratory frame of reference). [10] [11] [12] [13] [14] [15] Mode locking has a variety of negative consequences. In particular, locking often results in a disruption (i.e., a total loss of plasma containment).
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Mode locking usually takes place in two distinct stages. 10 First, the island rotation frequency is reduced to a small fraction of its unperturbed value via electromagnetic torques associated with eddy currents induced in the conducting structures that inevitably surround the plasma. Typical examples of such structures include the vacuum vessel, and passive plates used to stabilize kink modes. Henceforth, these structures are simply referred to as the "wall". Second, the island locks to a static resonant error-field. (Such fields are always present in tokamak plasmas due to magnetic field-coil misalignments, poorly compensated coil feeds, et cetera.) Generally speaking, unless the error-field in question is unusually large, mode locking is not possible without the prior braking action of wall eddy currents.
A theory of tearing mode rotation braking due to eddy currents excited in the wall was developed by Nave & Wesson. 13 According to this theory, the electromagnetic braking torque acting on the island is balanced by plasma inertia (because a significant fraction of the plasma is forced to co-rotate with the island as a consequence of the inability of the plasma to easily cross the island's magnetic separatrix, as well as the action of plasma perpendicular viscosity). In Nave & Wesson's theory, the island rotation frequency decelerates smoothly and reversibly as the island width increases. An alternative theory was subsequently developed by Fitzpatrick in which the electromagnetic braking torque is balanced by plasma viscosity, and plasma inertia plays a negligible role. 10 Nave & Wesson's theory is appropriate to islands that grow comparatively rapidly: i.e., on a timescale that is small compared to the plasma momentum confinement time. Fitzpatrick's theory, on the other hand, is appropriate to islands that grow comparatively slowly: i.e., on a timescale that is long compared to the momentum confinement time. According to Fitzpatrick's theory, if the intrinsic plasma rotation at the rational surface is sufficiently large then there is a "forbidden band" of island rotation frequencies. This band (which has been directly observed experimentally 18 ) separates a branch of high-frequency solutions from a branch of low-frequency solutions. If the island width becomes sufficiently large that a high-frequency solution crosses the upper boundary of the forbidden band then there is a bifurcation to a low-frequency solution.
This bifurcation is associated with a sudden collapse in the island rotation frequency to a comparatively low level. Such a collapse is almost certain to lead to mode locking.
Fitzpatrick's theory of tearing mode rotation braking is based on the hypothesis that solutions of the steady-state torque balance equation (the two torques in question being the electromagnetic braking torque and the viscous restoring torque) for which the island rotation frequency decreases with increasing island width are dynamically stable, whereas solutions for which the island frequency increases with increasing island width are dynamically unstable.
The first aim of this paper is to explicitly test this hypothesis by comparing the predictions of simple torque-balance theory with those of the more complicated time-dependent mode braking equations (which take plasma inertia into account).
For the sake of simplicity, Fitzpatrick's theory of wall-induced tearing mode rotation braking assumes that the wall is electromagnetically thin (i.e., that the radial thickness of the wall is much less than the electromagnetic skin-depth in the wall material). This assumption is reasonable for present-day tokamaks, which tend to have relatively thin walls, but is not appropriate to next-step devices, such as ITER, 19 which will necessarily have thick walls (for engineering reasons). Thus, the second aim of this paper is to generalize Fitzpatrick's theory to allow for electromagnetically thick walls.
Tokamak vacuum vessels are generally fabricated from a non-ferromagnetic metal such as copper, stainless steel, or Inconel. Up to now, it has been standard practice to avoid (whenever possible) incorporating ferromagnetic materials into tokamaks; firstly, because the magnetic fields generated by such materials greatly complicate plasma control; and, secondly, because ferromagnetic materials are known to destabilize ideal external-kink modes [and other magnetohydrodynamical (MHD) instabilities]. 20 However, economic and environmental considerations in future tokamak reactors demand that the amount of radioactive waste be kept to an absolute minimum. Hence, it is vitally important that the first wall and blanket, which will play the role of the wall in such devices, be fabricated from a lowactivation material. Unfortunately, all of the most promising candidate materials, such as F82H steel, 21 are ferromagnetic. Thus, the final aim of this paper is to assess the impact of wall ferromagnetism on wall-induced tearing mode rotation braking.
This paper is organized as follows. In Sect. II, we determine the response of a ferromagnetic wall, that can be either electromagnetically thin or thick, to the magnetic field generated by a rotating tearing mode. This permits us to write the plasma toroidal angular equation of motion, and, hence, to determine the effect of the wall on the mode rotation frequency. In Sect. III, we examine the limit in which the wall is electromagnetically thin.
In Sect. IV, we examine the opposite limit in which the wall is electromagnetically thick.
Finally, we summarize our findings in Sect. V.
II. PRELIMINARY ANALYSIS

A. Coordinates
Let us adopt the standard right-handed cylindrical coordinates: r, θ, z. The system is assumed to be periodic in the z-direction with period 2π R 0 , where R 0 is the simulated major radius.
B. Plasma Equilibrium
The equilibrium magnetic field is written, B = (0, B θ (r), B z ), whereas the equilibrium current density takes the form J = (0, 0, J z (r)), with J z = 0 for r > a. Here, a is the plasma minor radius. Let
It follows that
where
is the safety-factor profile.
In the following, we shall adopt standard, large aspect-ratio, tokamak orderings, according to which B z B θ , R 0 a, and q ∼ O(1).
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C. Perturbed Magnetic Field
The helical magnetic field associated with a tearing mode is written
is the inverse aspect-ratio of the plasma. Let
is a simulated toroidal angle. Here, ψ is the helical magnetic flux (normalized with respect to a B z a) associated with the tearing mode, m > 0 is the poloidal mode number, and n > 0 the toroidal mode number. It follows that
D. Marginally-Stable Ideal-MHD Physics
Except in the immediate vicinity of the rational surface, the tearing perturbation within the plasma is governed by the equations of marginally-stable, ideal-MHD, which easily yield the well-known cylindrical tearing mode equation:
Here, ≡ d/dr, and q s = m/n. We can treat any vacuum regions outside the plasma as zero-inertia plasmas characterized by J = 0. In this case, the previous equation simplifies to
E. Wall Physics
Suppose that the plasma is surrounded by rigid wall of electrical conductivity σ w , and relative magnetic permeability µ w , that extends from r = r w to r = r w + δ w , where r w ≥ a.
Inside the wall, standard electrodynamics reveals that
F. Eigenfunctions and Stability Parameters
Outside the wall, without loss of generality, we can write
Here,ψ s (r) andψ w (r) are real piecewise continuous functions (that are analytic in the segments 0 < r < r s− , r s+ < r < r w− , r w+ < r < ∞), whereas Ψ s and Ψ w are complex parameters. Furthermore,ψ
andψ
where q(r s ) = q s . Here, r s is the minor radius of the rational surface, Ψ s the (normalized)
reconnected magnetic flux at the rational surface, and Ψ w the (normalized) helical magnetic flux that penetrates the wall.
Here, E ss is the conventional ideal-wall tearing stability index (normalized to the plasma minor radius), 4 E ww an analogous index that governs the stability of the ideal-plasma resistive wall mode (which is assumed to be stable), 22 and E sw , E ws parameterize the electromagnetic coupling between the rational surface and the wall. Now, it follows from Eq. (9) 
or
G. Asymptotic Matching
In the vacuum region lying outside the wall, for which r > r w + δ w , the appropriate solution of Eq. (10) is
Hence,
Matching the normal and tangential components of the perturbed magnetic field across r = r w + δ w yields
which implies that the appropriate boundary condition (in the wall material) at the wall's outer radius is
Equations (12)- (14), (16) , (18) , and (21) give
Matching the normal and tangential components of the perturbed magnetic field across r = r w yields 
Hence, the appropriate boundary condition (in the wall material) at the wall's inner radius is
Moreover,
where the so-called wall response function, ∆ w , is defined
The wall response function (or, to be more exact, ∆Ψ w ≡ ∆ w Ψ w ) parameterizes the helical eddy currents excited in the wall. Equation (32) can be rearranged to give
Finally, asymptotic matching across the rational surface yields
Here, ∆Ψ s parameterizes the helical currents flowing in the immediate vicinity of the rational surface.
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H. Electromagnetic Braking Torque
The net toroidal electromagnetic braking torque acting in the immediate vicinity of the rational surface, as a consequence of eddy currents excited in the wall, is written
Thus, it follows from Eqs. (34) and (35) that
Here, R w and I w are the real and imaginary parts of the wall response function, respectively.
I. Magnetic Island Width
The reconnected magnetic flux at the rational surface is associated with an island chain whose full radial width (normalized to the minor radius) is
is the magnetic shear at the rational surface.
J. Calculation of Wall Response Function
Inside the wall, let us search for a separable solution of the form
Substitution of Eq. (42) into Eqs. (11), (26), and (31) yields
Finally, Eq. (33) gives
According to Eq. (43),
where 
where z 2 = p (r w + δ w ), and
Hence, Eq. (44) gives
and
where z 1 = p r w , and
Note that z 2 P (z 2 , z 2 ) = k Q(z 2 , z 2 ), in accordance with Eq. (45). It follows from Eqs. (47) and (52) that
Let
Here, τ d is the wall diffusion time (i.e., the time required for magnetic flux to diffuse from the wall's inner to its outer radius), whereas w parameterizes the wall thickness. Now, in the limit |z| 1,
Hence, in the limit
we obtain
, and it is assumed that
It follows from Eq. (55) that
Note that there is a small inconsistency in the analysis presented in this section. Equation (42) asserts that ψ 0 is not a function of t, whereas it is clear from Eq. (51) that ψ 0 ≡ ψ 0 (z) does depend on t, because z depends on γ, and γ is time-dependent in a non-steady-state situation. It is easily demonstrated that our expression for the wall response function is not invalidated by this inconsistency as long as
which reduces to
If the previous inequality is not satisfied then transient wall solutions have to be incorporated into the analysis, as described in Refs. 15 and 24.
K. Plasma Equation of Toroidal Angular Motion
be the plasma toroidal angular velocity profile. Here, Ω
φ (r) is the steady-state profile in the absence of the braking torque ultimately induced by the helical eddy currents excited in the wall, whereas ∆Ω φ (r, t) is the modification to the rotation profile generated by these currents. The plasma equation of toroidal angular motion is written
where ρ and µ are the plasma mass density and perpendicular viscosity, respectively. For the sake of simplicity, there quantities are assumed to be uniform across the plasma. Finally, the boundary conditions satisfied by the perturbed toroidal angular velocity profile are
L. No-Slip Constraint
The conventional no-slip constraint demands that the island chain co-rotate with the plasma at the rational surface.
10 (This constraint holds as long as the island width is much greater than the linear layer width at the rational surface.) In other words,
Here,
is the steady-state island rotation frequency in the absence of the braking torque. Incidentally, we are assuming that the plasma poloidal angular velocity profile is fixed, as a consequence of strong poloidal flow damping. (36), (38), (40), (68), and (71) yield the normalized no-slip constraint,
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M. Normalized Plasma Equation of Toroidal Angular Motion
as well as the normalized plasma equation of toroidal angular motion,
Here,Ŵ
Finally, it follows from Eq. (69) that
Note that R w = R w (γ) and I w = I w (γ), where
Here, use has been made of Eqs. (34), (39), (40), (46), (70), and (76).
N. Solution of Normalized Plasma Equation of Toroidal Angular Motion
where j 0,k denotes the kth zero of the J 0 Bessel function. It is easily demonstrated that
Let us write
which automatically satisfies the boundary conditions (78). Substitution into Eq. (74)
where use has been made of Eqs. (80)-(82). Finally, Eqs. (73) and (83) give
III. THIN-WALL REGIME
A. Governing Equations
Consider the thin-wall regime, which is characterized by |γ τ d | 1. In this regime, the wall is "electromagnetically thin": i.e., its radial thickness is much less that the skin depth in the wall material (calculated with the growth-rate γ). It follows from Eq. (64) that the wall response function reduces to
in the thin-wall regime, where
is the wall time-constant (i.e., the effective L/R time of the wall). Here, for the sake of simplicity, it is assumed that k m µ w 1. The approximations used in deriving Eq. (86) are valid provided
Let us suppose that the first term on the right-hand side of Eq. (79) is dominant. It
which implies that [see Eq. (39)]
Thus, the approximations employed in writing Eq. (89) are valid provided
B. Thin-Wall Rotation-Braking Equations
Equations (75), (84), (85), (90), (91), and (93) yield the thin-wall rotation-braking equations:
Here, for the sake of simplicity, E ww has been given the conventional value
which corresponds to the absence of plasma current in the region r > r s+ . In Eqs. (94) and (95),t is the normalized time,ω the normalized island rotation frequency,r s the normalized minor radius of the rational surface, κ (primarily) parameterizes the intrinsic plasma rotation, and X parameterizes the island width.
C. Steady-State Solutions
In a steady-state (i.e., d/dt = 0), Eq. (94) yields
which can be combined with Eq. (95) to give the thin-wall torque-balance equation:
Here, use has been made of the identity
The right-hand side of Eq. (98) represents the electromagnetic braking torque, due to eddy currents induced in the wall, that acts to reduce the island rotation frequency, whereas the left-hand side represents the viscous restoring torque that acts to maintain the rotation.
Equation (98) yields
In Refs. 10, 25, and 26, it is argued that solutions of Eq. (98) for which dX/dω < 0 (i.e., solutions for which the island rotation frequency decreases as the island width increases) are dynamically stable, whereas solutions for which the dX/dω > 0 are dynamically unstable.
This argument leads to the conclusion that, when κ < κ c = 1/ √ 27 (i.e., when the intrinsic plasma rotation is sufficiently high), the general solution of the torque-balance equation when X exceeds the critical value
Just before the bifurcation,ω takes the valuê
On the other hand, there is a bifurcation from a low-frequency to a high-frequency solution when X falls below the critical value
Of course, Eqs. in which the island width parameter, X, is very slowly (compared to the momentum confinement timescale) ramped up from zero to some maximum value that exceeds that at which the bifurcation from high-frequency to low-frequency solution branches is predicted to occur (according to torque-balance theory), and then very slowly ramped back down to zero. It can be seen that, at first, the normalized plasma rotation frequency,ω, decreases smoothly as X increases. Eventually, however, when the rotation frequency has been reduced to about half of its original value (ω = 1), the frequency drops precipitously to a very low value (compared to its original value.). This is the high-frequency to low-frequency bifurcation. Conversely, the rotation frequency initially rises smoothly, as X decreases, although it still takes a comparatively low value. Eventually, however, the frequency rises precipitously, attaining a value that is comparable with its original one. This is the low-frequency to high-frequency bifurcation. Incidentally, the hysteresis in the high-frequency/low-frequency bifurcation cycle is illustrated by the strong asymmetry (aboutt = 100) evident in theω-t curve plotted in Fig. 3 .
Let Γ = |dω/dt| be the normalized acceleration/deceleration in the island rotation frequency. In the following, the start and end times of the high-to-low-frequency bifurcation are conveniently defined as the times at which Γ first exceeds the critical value 0.05, and subsequently first falls below this value, respectively. (Note that, except during the bifurcations, Γ is typically much smaller than 0.05.) The start and end times of the low-to-high-frequency bifurcation are defined in an analogous manner.
Figures 4 and 5 show the bifurcation thresholds (i.e., the values of X andω at the start times of the high-to-low-frequency and low-to-high-frequency bifurcations) determined from the thin-wall rotation-braking equations, as a function of the parameter κ. In all cases, X(t) is ramped up, and down again, in the manner described in the caption to Fig. 3 .
Also, shown are the analytic approximations (102)-(105) that were previously derived from torque-balance theory. It is clear that the analytic approximations are fairly accurate, which confirms, first, that torque-balance theory is capable of correctly predicting the occurrence of the high-to-low-frequency and low-to-high-frequency bifurcations, and, second, that solutions of the thin-wall torque-balance equation characterized by dX/dω > 0 are indeed dynamically unstable.
Of course, torque-balance theory is incapable of predicting the duration of a given bifurcation. Fig. 6 shows the durations (i.e., the difference between the end and start times, as defined previously) of the high-to-low-frequency and low-to-high-frequency bifurcations determined from the thin-wall rotation-braking equations, as a function of the parameter κ.
As before, X(t) is ramped up, and down again, in the manner described in the caption to Fig. 3 . It is clear that, in order to reach completion, both types of bifurcations require a time interval whose duration is of order a momentum confinement time. Moreover, at small κ, the low-to-high-frequency bifurcation is slightly faster than the high-to-low-frequency bifurcation, whereas the opposite is true at high κ.
It is apparent, from the preceding discussion. that [see Eq. (89)]
Hence, the inequalities (92) yield
where τ W is the timescale on which the island width varies. Furthermore, the inequality (66) reduces to (assuming that k w 1-see Sect. III E)
Finally, according to Eq. (88), the thin-wall regime only holds when (using k m µ w )
Thus, the previous three inequalities are the criteria for the validity of the theory presented in this section.
E. Effect of Wall Ferromagnetism
It follows from Eqs. (50), (57), (77), (93), (102), and (104) that, in the thin-wall regime, the critical island width above which the high-to-low-frequency bifurcation is triggered can be written
Likewise, the critical island width below which the low-to-high-frequency bifurcation is triggered takes the form
Incidentally, assuming, for the sake of simplicity, that there is negligible plasma current in the region r > r s+ , it is easily demonstrated that
where ζ = (r s /r w ) 2 m . This result has been incorporated into Eq. (111).
There are bifurcations between high-frequency and low-frequency solution branches when λ, which parameterizes the degree of wall ferromagnetism, lies in the range 0 < λ < λ c . For λ ≥ λ c there are no bifurcations, and the island frequency consequently varies smoothly and reversibly as the island width varies. If λ c < 0 then there are no bifurcations, irrespective of the value of λ. According to Eq. (88), the thin-wall ordering is only valid provided
Thus, in order to have bifurcations in the thin-wall regime, we require
However, it is clear that if 0 < λ < λ c , and the previous inequality is satisfied, then 0 < λ 1. In this case, it follows from Eqs. (110) and (114) that the bifurcation thresholds only exhibit a very weak dependence on λ. In other words, in the thin-wall regime, wall ferromagnetism has little effect on the bifurcation thresholds. In fact, the main effect of increasing ferromagnetism (i.e., increasing λ) is to cause the inequality (116) to be violated, and, hence, to push the system into the thick-wall regime described in Sect. IV.
Incidentally, in the previous expressions, ω 0 is the island rotation frequency in the absence of wall braking, τ H and τ M are the hydromagnetic and momentum confinement timescales.
respectively (see Sect. II M), τ w is the wall time-constant [see Eq. (87)], r w the wall minor radius, δ w the wall radial thickness, µ w the wall relative permeability, m the poloidal mode number of the tearing mode, q s the safety-factor at the associated rational surface, r s the minor radius of the rational surface, and a the plasma minor radius.
IV. THICK-WALL REGIME
A. Governing Equations
Consider the thick-wall regime, which is characterized by |γ τ d | 1. In this regime, the wall is "electromagnetically thick": i.e., its radial thickness is much greater that the skin depth in the wall material (calculated with the growth-rate γ). It follows from Eq. (64) that the wall response function reduces to
in the thick-wall regime. Here, it is again assumed that k m µ w 1. The approximations used in deriving Eq. (118) are valid provided
which implies that
Thus, the approximations employed in writing Eq. (120) are valid provided
Equations (75), (84), (85), (121), (122), and (124) yield the thick-wall rotation-braking equations:
Here, E ww has again been given the conventional value specified in Eq. (96). As before, t is the normalized time,ω the normalized island rotation frequency,r s the normalized minor radius of the rational surface, κ parameterizes the intrinsic plasma rotation, and X parameterizes the island width.
C. Steady-State Solutions
In a steady-state (i.e., d/dt = 0), Eq. (125) yields
which can be combined with Eq. (126) to give the thick-wall torque-balance equation:
Here, use has been made of the identity (99). As before, the right-hand side of Eq. (128) represents the electromagnetic braking torque, due to eddy currents induced in the wall, that acts to reduce the island rotation frequency, whereas the left-hand side represents the viscous restoring torque that acts to maintain the rotation.
Equation (98) yields
By analogy with the analysis of Sect. III C, we expect solutions of Eq. (128) for which dX /dω < 0 to be dynamically stable, and solutions for which dX /dω > 0 to be dynamically unstable. This argument again leads to the conclusion that, when κ < κ c = 1/21.56 (i.e., when the intrinsic plasma rotation is sufficiently high), the general solution of the torque- 
Of course, Eqs. (131)- (134) are only valid when κ < κ c . For κ ≥ κ c there are no bifurcations, which implies thatω varies smoothly and reversibly with X . As before, the fact that X − < X + suggests that the high-frequency/low-frequency bifurcation cycle exhibits considerable hysteresis. Figure 9 shows a typical solution of the thick-wall rotation-braking equations, (125)- (126), in which the island width parameter, X , is very slowly (compared to the momentum confinement timescale) ramped up from zero to some maximum value that exceeds that at which the bifurcation from high-frequency to low-frequency solution branches is predicted to occur (according to torque-balance theory), and then very slowly ramped back down to zero.
D. Time-Dependent Solutions
It can be seen that, at first, the normalized plasma rotation frequency,ω, decreases smoothly as X increases. Eventually, however, when the rotation frequency has been reduced to about one third of its original value (ω = 1), the frequency drops precipitously to a very low value (compared to its original value.). This is the high-frequency to low-frequency bifurcation.
Conversely, the rotation frequency initially rises smoothly, as X decreases, although it still takes a comparatively low value. Eventually, however, the frequency rises precipitously, attaining a value that is comparable with its original one. This is the low-frequency to high-frequency bifurcation. As before, the hysteresis in the high-frequency/low-frequency bifurcation cycle is illustrated by the strong asymmetry (aboutt = 100) evident in theω-t curve plotted in Fig. 9 .
In the following, the start and end times of the high-to-low-frequency bifurcation are conveniently defined as the times at which Γ ≡ |dω/dt| first exceeds the critical value 0.075, and subsequently first falls below this value, respectively. (Note that, except during the bifurcations, Γ is typically much smaller than 0.075.) The start and end times of the lowto-high-frequency bifurcation are defined in an analogous manner.
Figures 10 and 11 show the bifurcation thresholds (i.e., the values of X andω at the start times of the high-to-low-frequency and low-to-high-frequency bifurcations) determined from the thick-wall rotation-braking equations, as a function of the parameter κ . In all cases, X (t) is ramped up, and down again, in the manner described in the caption to As before, torque-balance theory is incapable of predicting the duration of a given bifurcation. Fig. 12 shows the durations (i.e., the difference between the end and start times, as defined previously) of the high-to-low-frequency and low-to-high-frequency bifurcations determined from the thick-wall rotation-braking equations, as a function of the parameter κ . Here, X (t) is ramped up, and down again, in the manner described in the caption to Fig. 9 . It is clear that, in order to reach completion, both types of bifurcations require a time interval whose duration is of order a momentum confinement time. Moreover, at small κ , the low-to-high-frequency bifurcation is slightly faster than the high-to-low-frequency bifurcation, whereas the opposite is true at high κ .
It is again apparent, from the preceding discussion. that [see Eq. (120)]
Here, W 2 , λ, ω 0 , τ w , m, and ζ are defined in Sect. III E.
There are bifurcations between high-frequency and low-frequency solution branches when λ, which parameterizes the degree of wall ferromagnetism, lies in the range 0 < λ < λ c . For λ ≥ λ c there are no bifurcations, and the island frequency consequently varies smoothly and reversibly as the island width varies. According to Eq. (119), the thick-wall ordering is only valid provided
Thus, in order to have bifurcations in the thick-wall regime, we require
This criterion is easily satisfied provided that ω 0 τ w is sufficiently large (i.e., provided that the intrinsic plasma rotation is sufficiently large). 
V. SUMMARY
This paper contains an in-depth investigation of the braking of tearing mode rotation in tokamak plasmas via eddy currents induced in external conducting structures. The analysis is subject to a number of limitations. First, it only applies to large-aspect ratio, low-β, circular cross-section, tokamak plasmas. Second, it assumes that the tearing mode amplitude varies on a timescale that is much longer than the plasma momentum confinement timescale.
Third, it assumes that the plasma density and perpendicular viscosity are uniform across the plasma. Fourth, it assumes that the plasma poloidal rotation profile is fixed due to the action of strong poloidal flow damping. Fifth, it neglects the transient response of the eddy currents to the magnetic field generated by the rotating tearing mode. Finally, it assumes that the conducting structure, or "wall", is of uniform thickness, resistivity, and magnetic permeability, is physically thin (i.e., its radial thickness is much less than its minor radius), and concentric with the plasma.
As is well-known, 10 for sufficiently large intrinsic plasma rotation, there is a "forbidden band" of tearing mode rotation frequencies that separates a branch of high-frequency solutions from a branch of low-frequency solutions. When a high-frequency solution crosses the upper boundary of the forbidden band there is a bifurcation to a low-frequency solution, and vice versa. There is considerable hysteresis in this process, because the critical tearing mode amplitude above which the high-frequency to low-frequency bifurcation is triggered is much larger than the critical mode amplitude below which the opposite bifurcation is triggered.
The aims of this paper were threefold. First, to verify that the bifurcation thresholds predicted by simple torque-balance theory (which takes into account the electromagnetic braking torque acting on the plasma, and well as the plasma viscous restoring torque, but neglects plasma inertia) are the same as those predicted by more complicated time-dependent mode braking theory (which takes inertia into account). This was, indeed, found to be the case (see Sects. III D and IV D). Second, to generalize existing theory to allow for electromagnetically thick conducting structures. This was achieved in Sect. IV. Finally, to generalize the theory to allow the conducting structures to be ferromagnetic. The results of this generalization are described in Sects. III E and IV E. It is found that significant ferromagnetism causes otherwise electromagnetically thin conducting structures to become electromagnetically thick, and also markedly decreases the critical tearing mode amplitude above which the mode "locks" to the conducting structures (i.e., the high-frequency to lowfrequency bifurcation is triggered). On the other hand, if the ferromagnetism becomes too large then the forbidden band of mode rotation frequencies is suppressed, and the mode frequency consequently varies smoothly and reversibly with the mode amplitude. shows the critical island width below which low-frequency solutions bifurcate to high-frequency solutions.
